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Abstrak
Conventional evaluations of stochastic shortest path policies typically rely
on dense reward or cost signals, which often obscure rare but
behaviorally critical interactions. This paper introduces an episodic
sparse-cost evaluation framework that assigns costs only to a small
subset of state action pairs identified through a short probing phase,
thereby decoupling cost accumulation from trajectory length. The
objective of this study is to assess whether episodic sparse costs can
provide a more interpretable and behavior-focused evaluation of policy
execution compared to dense formulations. The framework is empirically
validated through controlled navigation experiments under a fixed policy
in a grid-based stochastic shortest path setting. In a representative
episode, the agent successfully reached the terminal state in 95 steps,
while incurring only two cost-triggering events drawn from a sparse
support set of size five. This resulted in a total episodic cost of 2.0 and a
hit rate of 0.021, indicating that more than 97% of agent environment
interactions were cost-free. The temporal distribution of costs appeared
as isolated impulses rather than continuous signals, enabling precise
localization of critical decision points along the trajectory. These findings
demonstrate that episodic sparse-cost evaluation yields bounded, event
driven cost behavior that remains stable even for long trajectories. The
proposed framework offers a transparent and scalable alternative for
analyzing policy behavior in stochastic environments, particularly in
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scenarios where rare violations, constraints, or risk sensitive interactions
are of primary concern. Future research will extend this evaluation
paradigm to multi-episode analysis, adaptive policies, and integration
with constraint aware learning objectives.

Kata Kunci : episodic sparse cost; stochastic shortest path; policy
evaluation; grid based navigation; rare event analysis; interpretable
reinforcement learning; constraint aware decision making.

1. Pendahuluan

Sequential decision-making under uncertainty is a fundamental
problem in artificial intelligence and reinforcement learning, particularly
in domains where an agent must reach a target state while minimizing
cumulative cost. One of the most established mathematical formulations
for such problems is the stochastic shortest path (SSP) framework, which
models goal directed behavior through a sequence of state transitions
associated with costs until a terminal condition is achieved (Bertazzi,
Mogre, & Trichakis, 2024; da Silva, Ramos, & Barbosa, 2023a, 2023b;
Karia, Nayyar, & Srivastava, 2022). SSP models have been widely applied
in navigation, planning, and safety-critical systems due to their ability to
represent both uncertainty and long-term cost accumulation.

In most reinforcement learning studies, cost or reward signals
are assumed to be dense, meaning that feedback is provided at nearly
every interaction step. While this assumption simplifies learning and
evaluation, it does not accurately capture many real-world conditions. In
practical environments, penalties often arise only in exceptional or
undesirable situations, such as collisions, unsafe actions, or constraint
violations (Wang & Liang, 2025; Xu & Sankar, 2024). As a result, the
underlying cost structure is inherently sparse, with only a limited number
of state-action pairs producing non-zero costs.

Recent theoretical research has highlighted the importance of
sparsity in SSP and online learning problems. Several studies
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demonstrate that when costs are supported on a small subset of state-
action pairs, the complexity of the decision-making problem can depend
more strongly on the size of this support than on the total number of
states and actions (Rolf et al., 2023; Wu, Han, Yan, Kuo, & Shen, 2025).
This perspective introduces the concept of effective dimension,
suggesting that sparse cost structures fundamentally alter learning
dynamics and regret behavior.

Despite these theoretical advances, empirical validation of sparse
SSP models remains limited. Many existing works focus on abstract or
synthetic environments that obscure how sparse costs are encountered
during actual agent trajectories (Ding et al., 2025). Consequently, it is
often unclear whether sparsity-aware theoretical guarantees accurately
reflect agent behavior in interpretable, spatially structured environments.

Grid-based environments have long been used as experimental
platforms for reinforcement learning due to their transparency and
controllability. The MiniGrid environment, in particular, has been
extensively employed to study exploration strategies, generalization, and
representation learning in navigation tasks (Chevalier-Boisvert et al.,
2023; de Tinguy, Van de Maele, Verbelen, & Dhoedt, 2024). However,
prior MiniGrid-based studies primarily emphasize reward maximization
and policy learning, with cost functions typically modeled as dense
negative rewards or stationary penalties. The empirical behavior of
agents under episodic sparse cost conditions has received comparatively
little attention.

A small number of studies have explored sparse penalties in
navigation and control problems, yet these works often treat sparsity
implicitly rather than as a primary experimental variable (Balogun et al.,
2024). Moreover, existing empirical evaluations rarely provide step-level
trajectory data that enable detailed analysis of when, where, and how
sparse costs are activated during an episode. This lack of fine-grained
empirical evidence limits the ability to bridge theoretical SSP analyses
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with practical reinforcement learning behavior (Zou, Zeng, & Zhang,
2024).

Based on these observations, a clear research gap can be
identified: there is a lack of empirical studies that explicitly construct
episodic sparse cost structures and systematically analyze their
interaction with agent trajectories in SSP settings. Addressing this gap is
essential for understanding how sparsity-aware theoretical results
manifest in practice.

Therefore, the purpose of this study is to conduct an empirical

analysis of sparse episodic cost behavior in a stochastic shortest path
framework using the MiniGrid environment as a controlled testbed.
Rather than proposing a new learning algorithm, this research focuses
on observing and characterizing how agents encounter sparse costs
during navigation under known transition dynamics. Specifically, this
study seeks to answer the following research questions :
(1) How frequently do agents encounter sparse cost events along their
trajectories?; (2) How are sparse cost activations distributed over time
within an episode?; (3) How do repeated visits to cost-bearing state-
action pairs contribute to cumulative episodic cost?

By addressing these questions, this work aims to provide
empirical evidence that complements existing theoretical studies on
sparse SSP models. The findings are expected to enhance understanding
of sparsity-driven behavior in sequential decision-making and to serve as
a foundation for future research on sparsity-aware reinforcement
learning methods.

2. Metode Penelitian

This study employs an episodic evaluation method to analyze
sparse cost behavior in a stochastic shortest path (SSP) environment. The
environment is modeled as an SSP with a designated initial state, goal
state, and known transition dynamics. The primary objective of the
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method is to observe how costs accumulate along agent trajectories
when penalties are restricted to a limited number of state-action
configurations within each episode.

Algorithm 1 Episodic Sparse-Cost SSP Evaluation
Input: SSP M = (8, A, P, sg, s4); policy ; sparsity M; probe length T},; hori-
zon H; unit cost A >0
Output: Trajectory 7x, cumulative cost Cj, hit count Hitsg, hit rate
HRy
1: 8¢ 89
2: Dy + ]
3: fort=0toT, —1do
4 ar~mw(-|s)
5. Dy + Dy U{(s,a:)}
6:
T:
8
9.

s~ P(- ] s,at)
: end for
: Py, « Sampley (Dy) {|Px| = M}
: 8+ 8p
10: Cp + 0
11: Hitsg + 0
12: TR < 0
13: fort=0to H —1do
14:  ap~w(-]s)
15: ¢ ¢ A-1[(s,a;) € Py
16: Cr+Cr+e
17: Hitsy + Hitsg + [[[(S, ﬂ.;) € Pk]
18 T e U{(s,ap,¢)}
190 & ~P(-|s,a)
20:  if s’ = s, then

21: break
22:  end if
23: s+ 8
24: end for

25: HRy Hitsk/max{l, |Tk|}
26: return (7, Cy, Hitsy, HRy)

Algorithm 1. Episodic Sparse-Cost SSP Evaluation

The experimental procedure follows two sequential phases, as
formally specified in Algorithm 1. In the first phase, a short probe rollout
is performed from the initial state using a fixed policy. During this probe,
reachable state action pairs are collected to form an empirical basis for
defining cost locations. From these collected pairs, a fixed size episodic
sparse support set is sampled, ensuring that costs are assigned only to
configurations that can be encountered by the agent within the
environment.
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In the second phase, the agent is reset to the initial state and
interacts with the environment using the same policy until either the goal
state is reached or a predefined horizon is exceeded. At each step, a unit
cost is incurred only when the executed state-action pair belongs to the
previously constructed sparse support set. Throughout the episode, the
interaction trajectory, cumulative cost, and cost activation events are
recorded. The episode-level outputs consist of the full trajectory, total
accumulated cost, number of cost hits, and hit rate, which together
characterize the impact of sparse episodic costs on agent behavior in the
SSP setting.

3. Hasil dan Pembahasan

The proposed episodic sparse cost evaluation framework was
empirically validated on a grid based stochastic shortest path navigation
task using a fixed forward-biased policy. The evaluation was conducted
on an empty grid environment, where the agent navigates from a
predefined initial state toward a terminal goal state under deterministic
transitions. The sparse cost mechanism was instantiated by sampling a
support set of size from a short probing rollout prior to the main
episode.

The agent successfully completed the task in 95 steps, starting
from the initial pose and terminating at . Visual snapshots of the
environment at the beginning and termination of the episode are shown
in Figure 1, confirming that the agent reached the intended goal state
without premature termination.
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Fig. 1(a) Start snapshot Fig. 1(b) End snapshot

Fig. 1. MiniGrid environment snapshots at (a) episode start and
(b) termination

The episode level quantitative results are summarized in Table 1.
Despite the relatively long trajectory, only two cost-triggering events
were observed, resulting in a total episodic cost of 2.0 and a hit rate of
approximately 0.021. This observation highlights a key property of the
proposed formulation: the magnitude of accumulated cost does not scale
with episode length, but is instead governed by rare encounters with a
small subset of state-action pairs.

Table 1. Episodic Sparse Cost Evaluation Results
Episode Steps Hits Total Cost Hit Rate Hit Steps
1 95 5 2 2.0 0.021 13,77

Formally, the episodic cumulative cost is defined as where the
instantaneous cost at step ttt follows the sparse episodic definition with
denoting the sampled sparse support and in this experiment. Under this
formulation, costs are incurred exclusively when the agent revisits
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specific state-action pairs identified during the probe phase, while all
other interactions remain cost-free.

The spatial behavior of the agent throughout the episode is
illustrated in Figure 2, which depicts the trajectory in grid coordinates.
The trajectory exhibits a monotonic progression toward the goal region,
with extended traversal along the lower boundary of the grid.
Importantly, the two cost-triggering events occur at intermediate
locations along the trajectory rather than near the start or termination,
indicating that sparse costs are not boundary artifacts but arise from
selective interactions between the policy and the environment.

Fig. 2. Agent trajectory in grid coordinates (x,y) over one episode.

The exact cost-triggering events are detailed in Table 2, showing
that penalties occurred only at steps 13 and 77. These steps correspond
to state-action configurations belonging to the sampled support , while
the remaining 93 steps incurred zero cost. This selective activation
underscores the episodic and non-dense nature of the cost signal.
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Table 2. Cost-Triggering Events

Step X y Dir Action Sparse Cost
13 5 1 0 2 1.0
77 6 1 1 2 1.0

The temporal distribution of sparse costs is visualized in Figure 3,
where the cost signal appears as isolated impulses rather than a
continuous stream. This behavior contrasts sharply with dense reward or
penalty formulations commonly used in reinforcement learning, and
provides a clearer interpretation of when and where critical interactions
occur.
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Fig. 3. Step-wise sparse cost indicator showing cost-triggering events

The cumulative effect of the sparse cost mechanism over the
episode is further illustrated in Figure 4, which presents the cumulative
sparse cost as a function of time steps. The plot exhibits a piecewise-
constant profile with two discrete upward jumps occurring precisely at
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steps 13 and 77, corresponding to the cost-triggering events reported in
Table 2. Outside these points, the cumulative cost remains flat, indicating
the absence of penalization during the majority of the episode.
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Fig 4. Cumulative sparse cost over one episode

This cumulative behavior provides additional empirical evidence
that the proposed sparse-cost formulation does not introduce
progressive or time-dependent penalization. Instead, cost accumulation
is strictly event-driven and directly attributable to specific state-action
encounters contained in the sparse support set . Consequently, the
cumulative cost remains interpretable and bounded, reinforcing the
claim that episodic sparse costs effectively decouple trajectory length
from cost magnitude. The proportion of cost-triggering steps relative to
the episode length is quantified by the hit rate yielding a value of 0.021
for the evaluated episode. This result indicates that more than 97% of
agent-environment interactions were cost-free, demonstrating that the
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proposed framework effectively isolates rare but significant events
without perturbing overall task solvability.

Overall, the results empirically validate the effectiveness of
episodic sparse-cost evaluation for policy analysis in stochastic shortest
path environments. By decoupling trajectory length from cost
accumulation and enabling explicit identification of critical state-action
encounters, the framework provides an interpretable and behavior-
focused alternative to dense cost formulations. This makes it particularly
suitable for analyzing risk-sensitive or constraint-aware decision-making
scenarios where rare events, rather than average performance, are of
primary interest.

4. Kesimpulan dan Saran

This work presented an episodic sparse-cost evaluation frame-
work for stochastic shortest path problems, aimed at analyzing policy be-
havior under rare and selective cost signals. The proposed formulation
assigns costs only to a small subset of state action pairs identified
through a preliminary probing phase, thereby decoupling cost accumula-
tion from episode length and eliminating dense or time-dependent
penalties.

The experimental results demonstrate that the cumulative
episodic cost remains bounded and interpretable, even for long trajecto-
ries. Costs are incurred only at isolated steps corresponding to revisits of
the sampled support set, while the majority of agent environment inter-
actions remain cost free. This confirms that the framework effectively
captures event driven interactions rather than averaging behavior over
time.

From an analytical standpoint, the proposed approach provides a
transparent mechanism for identifying critical decision events along a
trajectory. Unlike conventional dense cost formulations, which may ob-
scure the influence of individual actions, episodic sparse costs enable ex-
plicit attribution of penalties to specific state-action encounters. This
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property is particularly valuable for evaluating policies in settings where
safety violations, constraint breaches, or rare risks are of primary con-
cern.

The current study focuses on single-episode evaluation under a
fixed policy, which constitutes a limitation of the present analysis. Future
research directions include extending the framework to multi-episode
statistical evaluation, adaptive or learned policies, and more complex sto-
chastic environments. Integrating episodic sparse costs directly into pol-
icy optimization objectives also represents a promising avenue for future
work.

In conclusion, episodic sparse-cost evaluation offers a principled,
interpretable, and behavior focused alternative to dense cost schemes,
making it well-suited for diagnostic analysis and risk aware assessment in
sequential decision-making systems.
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